Abstract. For a reductive group scheme G over a semilocal Dedekind ring R with the total ring of fractions K, we prove that no nontrivial G-torsor trivializes over K. This generalizes a result of Nisnevich-Tits, who settled the case when R is local. Their result, in turn, is a special case of a conjecture of Grothendieck-Serre that predicts the same over any regular local ring. With a patching technique and weak approximation in the style of Harder, we reduce to the case when R is a complete discrete valuation ring. Afterwards, we consider Levi subgroups to reduce to the case when G is semisimple and anisotropic, in which case we take advantage of Bruhat-Tits theory to conclude. Finally, we show that a variant of the Grothendieck-Serre conjecture implies that any reductive group over the total ring of fractions of a regular semilocal ring X has at most one reductive X-model.
Introduction
The Grothendieck-Serre conjecture was proposed by J.-P. Serre ([Ser58, p. 31, Rem.]) and A. Grothendieck ([Gro58, pp. 26-27, Rem. 3]) in 1958, who predicted that for any algebraic group G over an algebraically closed field, a G-torsor over a nonsingular variety is Zariski locally trivial if it is generically trivial. Subsequently, Grothendieck extended the conjecture to any semisimple group scheme over any regular scheme ([Gro68, Rem. 1.11.a]). By spreading out, the conjecture reduces to its local case whose precise statement is the following. Conjecture 1.1 (Grothendieck-Serre). For a reductive group G over a regular local ring R with the fraction field K, a G-torsor that becomes trivial over K is trivial. In other words, the following map between nonabelian cohomology pointed sets has trivial kernel:
(1.1.1) H 1 pR, Gq Ñ H 1 pK, Gq.
Beyond the trivial case of 0-dimensional R, the conjecture has several known cases and reductions.
(i) The case when R is a discrete valuation ring with a perfect residue field was addressed in Nisnevich's PhD thesis [Nis82, 2, Thm. 7 .1] and his Comptes Rendus paper [Nis84, Thm. 4.2]. There, he reduced to the complete case that had been considered in unpublished work of Tits that rested on Bruhat-Tits theory. Various other special cases are based on the discrete valuation ring case, for instance, the case when R is of arbitrary dimension and complete (more generally, Henselian) regular local ([CTS79, 6.6.1]).
(ii) The case when dim R " 2 with infinite residue field and G is quasi-split was considered by Nisnevich in [Nis89, Thm. 6 .3].
(iii) The case when G is torus was settled by Colliot-Thélène and Sansuc [CTS87, Thm. 4 .1]. This result is often useful for various reductions of more general cases.
(iv) The case when R contains a field was recently proved by Fedorov and Panin in [FP15, Pan17] , and [Fed18] . In fact, in their papers, R is, more generally, allowed to be semilocal.
(v) The case when R is a semilocal Dedekind domain and G is a semisimple simply connected R-group scheme such that every semisimple normal R-subgroup scheme of G is isotropic is recently proved by Panin and Stavrova [PS16, Thm. 3.4] . By induction on the number of maximal ideals of R and a decomposition of groups, they reduce to the case when R is a Henselian discrete valuation ring and use Nisnevich's result [Nis84, Thm. 4 .2] to conclude.
(vi) A stronger conjecture predicts that the map 1.1.1 is injective, which is equivalent to Conjecture 1.1 due to a twisting technique (Corollary 4.3).
The work of Fedorov and Panin suggests a strenthening of Conjecture 1.1 to the case of a semilocal regular local ring R. This article is aimed at working out Nisnevich's proof [Nis82] , extending it to cover 1-dimensional regular semilocal R, and in particular, generalizing the result of Panin-Stavrova [PS16, Thm. 3.4] by eliminating the semisimple simply connected condition on the reductive group scheme G. Our main result is the following.
Theorem 1.2. For a reductive group scheme G over a semilocal Dedekind ring R with the total ring of fractions K, the following pullback map is injective:
We now summarize Nisnevich's work in the discrete valuation ring case. In this article, we first review weak approximation in Section 2, with G a reductive group instead of merely semisimple as in Harder's original setting in [Har68] . The goal of this section is to construct an open normal subgroup of the closure of GpKq in ś v GpK v q (Proposition 2.2), where v ranges over the nongeneric points of Spec R and K v is the completion of R at v. In Section 3, with the aid of Harder's construction, we exhibit the decomposition of groups (Theorem 3.1) ź
by mildly simplifying the argument in [Nis82, Ch. 2, §6]. This permits us to reduce Theorem 1.2 to the case of complete discrete valuation rings by a patching technique (Proposition 4.5).
To improve and extend Nisnevich's proof, after reducing to the complete case, we take a different approach. The passage from G to its minimal parabolic subgroup P and the isomorphism H 1 pR, P q » H 1 pR, Lq for a Levi subgroup L of P facilitate reduction to the case when G is semisimple and anisotropic (Proposition 4.7). This reduction and subsequent steps rely on properties of anisotropic groups described in Lemma 3.4, where we use the formalism of Bruhat-Tits theory from [BT I , BT II ]. Proposition 1.3 (Proposition 3.6). For a reductive group G over a Henselian discrete valuation ring R, (a) for a maximal unramified extension r R of R with the fraction field r K, the group Gp r Rq is a maximal parahoric subgroup of Gp r Kq;
In the final step, we establish the case when G is semisimple anisotropic and R is a complete discrete valuation ring (Theorem 5.1) by following Nisnevich and Tits' argument.
Finally, for a reductive group G over the function field K of an integral scheme X, we consider the number of reductive X-models of G. In fact, if a variant of Conjecture 1.1 holds for regular semilocal X, then we prove that such models should be unique:
Proposition 1.4 (Proposition 6.1). For a regular semilocal ring X with the ring of total fractions K, if p˚q for each reductive group scheme G 1 over X, the map
then any reductive K-group G has at most one reductive X-model. In particular, if X is a regular semilocal ring containing a field, then the assertion holds without p˚q.
As a special case of Proposition 1.4, one may take X to be the spectrum of a discrete valuation ring. To prove Proposition 6.1, for a reductive model G , we consider the exact sequence 1 Ñ adpG q Ñ AutpG q Ñ OutpG q Ñ 1 and its associated cohomology sets. has a form α G 1 that must become trivial over K, so is trivial over X. This implies that G 1 » G .
Notation and conventions.
In the sequel, we let R be a semilocal Dedekind ring and let K be its total ring of fractions. The completion of R at its radical ideal is a direct product of fields and complete discrete valuation rings R v with fraction fields K v . In the case when R is local, we also denote the maximal unramified extension of R by r R, whose fraction field is r K.
We also assume that G is a reductive group scheme over R (or over K in Section 2), that is, G is a smooth, affine R-group scheme with connected reductive algebraic groups as geometric fibers. For an
Acknowledgement. I thank my advisor Kęstutis Česnavičius. His guidance and advice were helpful. He also provided exhaustive comments for revising. I learnt much from him in several aspects.
Construction of open normal subgroups
For a reductive group H over a field F equipped with a finite set tvu v of nonequivalent nontrivial valuations of rank one, this section is devoted to working out Harder's construction from [Har68] of an open normal subgroup N contained in the closure of HpF q in ś v HpF v q. Here, F v is the completion of F at v; the groups HpF v q are endowed with their v-adic topologies, and ś v HpF v q has the product topology. We will need the group N in Section 3 when exhibiting the decomposition in Theorem 3.1, which leads to the reduction of Theorem 1.2 to the case of complete discrete valuation rings (Proposition 4.5). To begin with, we recall Grothendieck's Theorem ([SGA 3 II , XIV, Thm. 1.1]) that any smooth group of finite type over a field contains a maximal torus. Let L w be a minimal splitting field of a maximal F v -torus T of H Fv , where w is a valuation extending v. It turns out that the image U of the norm map
is an open subgroup of T pF v q and contained in HpF q X HpF v q (see Lemma 2.1), where the closure HpF q is formed in ś vPtvu HpF v q. We use U to construct an open normal subgroup of HpF v q contained in HpF q X HpF v q. This gives rise to the desired open normal subgroup N constructed in Proposition 2.2.
Lemma 2.1. For a maximal torus T of H Fv , the image U of the norm map
is an open subgroup of T pF v q contained in HpF q X HpF v q. 
is open. Thus, by weak approximation for TorpHq, the image of any neighborhood V of the neural element of HpF v q under φ contains a maximal torus T 1 of H. Let L{F be a minimal splitting field of T 1 , then we have the decomposition: 
Now we prove that U 1 Ă HpF q X HpF v q. For a P T 1 pL w q and b :" N Lw{Fv paq, by weak approximation of the split torus T 1 L , it suffices to choose an x P T 1 pLq approximating a at w and approximating 1 at the other places of L above v. We conclude that b is approximated by N L{F pxq P HpF q, and hence lies in
is approximated by elements in HpF q X HpF v q. When shrinking V , we find that the associated g 0 is approximating the neutral element of HpF v q such that u is approximated by u 0 " g 0 ug´1 0 . Therefore, there are elements in HpF q X HpF v q approximating u and U Ă HpF q X HpF v q. 
is smooth at pid, t 0 q.
This implies that the following map
is smooth at pid, idq. By [Čes15, 2.8], images of open subsets of HpF v qˆT pF v q under f 1 pF v q are still open respect to the v-adic topology. As id P U X W pF v q, we can choose a t 0 P U X W pF v q ‰ H such that
is an open neighborhood of t 0 . When t P U , we have t 0 t P U . By Lemma 2.1, the conjugation gt 0 tg´1 is in r U for another maximal torus r T of H Fv , and hence gt 0 tg´1 P HpF q X HpF v q. Consequently, W 1 is the desired normal open subgroup of HpF v q contained in HpF q X HpF v q.
Decomposition of groups
The goal of this section is to prove the following decomposition of groups, which leads to the reduction of Theorem 1.2 to the case of complete discrete valuation rings (see Proposition 4.5):
Theorem 3.1. With R and G as before (see §1.5), we have ź 
Proof. For a fixed v, the morphism 
Proof. For a fixed v, by [SGA 3 III new , XXVI, Thm. 7.4], the torus T v acts on G a pK v q " ÝÑ U v,α pK v q:
αr r y, where U v,α is the root subgroup of U v associated to a positive root α. The inclusion of sets
with the stable action of T v pK v q permits us to extend the nonempty open subset N X U v,α by multiplying large enough integer powers of the uniformizer. This forces U v,α pK v q " N X U v,α pK v q and leads to
Before the next step of decomposing the group, we gather some recollections on anisotropic groups.
Lemma 3.4. For a reductive group G over a discrete valuation ring R with the fraction field K, G is R-anisotropic if and only if G is K-anisotropic.
Proof. For an R-algebra R ParpGqpKq " ParpGqpRq. Both radpGq and radpG K q correspond to a Z-lattice M acted by GalpR sh {Rq and GalpK sep {Kq respectively. A nontrivial split torus in radpG K q corresponds to a quotient lattice N of M with trivial GalpK sep {Kq-action. By the surjectivity of GalpK sep {Kq Ñ GalpR sh {Rq, the action of GalpR sh {Rq on N is also trivial and the latter corresponds to a nontrivial split torus in radpGq.
Remark 3.5. In [Nis82, Ch. 2, 6.6], Nisnevich indicated that given a reductive R-group H and an arbitrary R-algebra R 1 , the base change H R 1 is R 1 -anisotropic if and only if ParpHqpR 1 q is an empty set. This is false in general. For a counterexample, we let U p1q be the unitary group defined over R:
It is not isomorphic to G m,R , while its base change to C is G m,C . However, ParpU p1qqpRq " ParpU p1q C qpCq " H.
Proposition 3.6. For a reductive group G over a Henselian discrete valuation ring R, (a) Gp r Rq is a maximal parahoric subgroup of Gp r Kq;
Proof. Rq. By connectedness of each fiber of G r R { r R, the parahoric subgroup Gp r Rq is also the stabilizer of x. By [BT I , 9.2.1 (DI 1)], the fixed point x is also stabilized by GpKq. Therefore, GpKq Ă Gp r Rq.
Lastly, by affineness of G and R " r R X K, we obtain the following cartesian square
and combine with GpKq Ă Gp r Rq to conclude that GpKq " GpRq.
Proposition 3.7. We have
Proof. The quotient H v :" L v {T v is R v -anisotropic and by Lemma 3.4 is K v -anisotropic. By Proposition 3.6, we have H v pK v q " H v pR v q, which fits into the commutative diagram with exact rows:
By Proposition 3.2 and Proposition 3.3, we obtained the conclusion.
Proposition 3.8.
Proof. For each P v , there is a unique parabolic subgroup Q v of G Rv such that the canonical morphism . For a reductive group G over a scheme S, we let T be a right G-tosor and let T G :" Aut G pT q. Then twisting by T induces a isomorphism
such that the image of the class of T is the neutral class.
Corollary 4.2. If the map f : H 1 pS, Gq Ñ H 1 pS 1 , Gq has trivial kernel for all T G, then it is injective.
Proof. Let X and T be two torsors in H 1 pS, Gq. Then we have the following commutative diagram
Corollary 4.3. Conjecture 1.1 is equivalent to that for all reductive group G over R,
In particular, in Theorem 1.2, it suffices to prove that the map H 1 pR, Gq Ñ H 1 pK, Gq has trivial kernel.
Remark 4.4. To prove the injectivity of a map of Galois cohomologies, which a special case of étale cohomology of group schemes, by Corollary 4.2, it suffices to show that the kernel is trivial.
The following shows that we can reduce Theorem 1.2 to the complete case.
Proposition 4.5. It suffices to prove Theorem 1.2 when R is a complete discrete valuation ring.
Proof. For a G-torsor X becoming trivial over K, it becomes trivial over š v Spec K v and by assumption, trivial over Proposition 4.6. If R is a valuation ring and for every reductive group H with no nontrivial parabolic subgroup, the map H 1 pR, Hq Ñ H 1 pK, Hq is injective, then so is H 1 pR, Gq Ñ H 1 pK, Gq.
Proof. If there is a proper minimal parabolic subgroup P of G and L is its Levi subgroup, then we consider the following commutative diagram
and show that the kernel of the third column comes from the kernel of the first column as the following.
The rows in the left square are isomorphisms ([SGA 3 III new , XXVI, Cor. 2.3]): for a semilocal scheme S, the first term of the exact sequence H 1 pS, rad u pPÑ H 1 pS, P q Ñ H 1 pS, Lq is trivial by the filtration of rad u pP q with successive quotients G a and H 1 pS, G a q » H 1 pS, O S q " 0. The semidirect product structure P " rad u pP q¨L gives the surjectivity of H 1 pS, P q Ñ H 1 pS, Lq.
For the second square, we use the argument in [Nis82, Prop. 5.1]. Let E be a G-torsor that becomes trivial over K. The quotient sheaf E{P is fpqc locally isomorphic to G{P and represented by a proper algebraic space over R (see [SP, 06PH] , [EGA IV 2 , 2.7.1(vii)]). By the valuative criterion of properness for algebraic spaces ([SP, 0A40]), pE{P qpKq " pE{P qpRq.
For a K point x of E, its image x in E{P is also an R-point of E{P . Subsequently, the fiber of E over x F :" EˆE {P SpecpRq is a P -torsor over R such that F pKq ‰ H and its image under the map H 1 pR, P q Ñ H 1 pR, Gq is in the class of E. Therefore, the kernel of H 1 pR, Gq Ñ H 1 pK, Gq is in the image of the kernel of H 1 pR, P q Ñ H 1 pK, P q. Rq, for each s P Γ.
To prove that h P Gp r Rq, we consider the subgroups Gp r Rq and hGp r Rqh´1. We have seen that Gp r
Rq is a parahoric subgroup of Gp r Kq in Proposition 3.6. The conjugation by g P Gp r Kq of a parahoric subgroup P F associated to the facet F satisfies the definition of the parahoric subgroup associated to the facet g¨F (see [BT II , 5.2.6]). In particular, hGp r Rqh´1 is also a parahoric subgroup. Now we show that hGp r Rqh´1 is invariant under Γ: for s P Γ, (ii) The injectivity of
Recall the inflation-restriction exact sequence in [Ser02, 5.8 a)]:
where G 1 is a group with a closed normal subgroup G 2 and A is a G 1 -group. It suffices to take
, and A :" GpK sep q.
Remarks.
5.2.
When G is a semisimple, simply-connected group over a Henselian discrete valuation field K (for instance, a local field), parahoric subgroups of GpKq are their own normalizers ([BT II , 5.2.9]). However, this is not true in the semisimple adjoint case. If G :" P GL 2 pQ p q, then a parahoric subgroup P "
ut A R P : the diagonals of P are nonzero. This also provides an example of the fact that maximal bounded subgroups are not necessarily stabilizers of vertices; the converse is true (see [Yu09, p. 14]).
5.3.
Maximal parahoric subgroups are not their own normalizers in the reductive case. For instance, we consider GL n pQ p q with a maximal parahoric subgroup GL n pZ p q. The normalizer of GL n pZ p q contains Qp¨1, which is not in GL n pZ p q. To explain this, we note that GL n pZ p q stabilizes , the matrix diagpa, 1,¨¨¨, 1q has determinant a and is not a product of matrices on the right. 5.5. When using Bruhat-Tits theory for general reductive groups, one needs to check conditions listed in [BT II , 5.1.1]. Fortunately, these conditions are automatically satisfied when R is a Henselian discrete valuation ring, and G is defined over R (hence quasi-split over r K).
As an application of the Grothendieck-Serre conjecture for the case of discrete valuation rings, we prove the following proposition.
Proposition 5.6. For a reductive group scheme G over a field k, we let kppXqq be the field of Laurent power series with the independent variable X. Then the following map is injective:
Proof. The projection p : Spec k X Ñ Spec k has a section s : Spec k Ñ Spec k X given by X " 0. We have the composition H 1 pk, Gq pÑ H 1 pk X , Gq sÑ H 1 pk, Gq such that s˚˝p˚" id. So p˚: H 1 pk, Gq Ñ H 1 pk X , Gq is injective (in fact, by [GR03, 5.8 .14] where t " 1, we have H 1 pk, Gq » H 1 pk X , Gq). Since k X is a discrete valuation ring, by Theorem 1.2, the map H 1 pk X , Gq Ñ H 1 pkppXqq, Gq is injective.
Uniqueness of reductive models
As an application of Theorem 1.2, we consider an integral scheme X with the function field K, over which a reductive group G is defined. We call a model of G a flat, affine, and finite type X-group scheme G such that G K » G. The question is, how many redutive models does G have? In fact, in the following, we show that if a variant of Conjecture 1.1 holds, then a reductive group scheme over a semilocal regular base is determined by its generic fiber.
Proposition 6.1. For a regular semilocal ring X with the ring of total fractions K, if for each reductive group scheme G 1 over X, the map H 1 pX, G 1 q Ñ H 1 pK, G 1 q is injective, then any reductive K-group G has at most one reductive X-model.
Proof. For a reductive group scheme G over a scheme S, by [SGA 3 III new , XXIV, Cor. 1.17], the following functor defines a one-to-one correspondence (up to isomorphisms) of sets: " S-group schemes that are fpqc locally isomorphic to G * Ñ H 1 pS, Aut S-gr. pGG 1 Þ Ñ Isom S-gr. pG , G 1 q.
Let G and G 1 be two reductive X-models of G. By [SGA 3 III new , XXII, Prop. 2.8], the root datum of G at each fiber at x P X is locally constant, so it is the root datum of G " G K . Therefore, G and G where OutpG q is the group scheme of outer automorphisms of G and is represented by a locally constant finitely generated group scheme, whose stalk at every geometric point of X is an ordinary group. We consider the following commutative diagram with exact rows (in the sense of pointed sets)
